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Introduction:Primordial BHS icovich anc novicov(1667), Hawking(1971)

©Remnant of primordial non-linear inhomogeneity
©Trace the inhomogeneity in the early universe

©May provide a fraction of dark matter and BH binaries

©Several aspects

Inflationary models which provide a number of PBHs

Theoretical estimation and observational constraints on PBH abundance

Threshold of PBH formation

Mass and spin distribution of PBHs
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Introduction:PBH formation

©Focus on PBH formation in radiation dominated era

©Comoving scale of an inhomogeneity ~ 1/

In(length) A super horizonahorizon%collapse

» In(a)

inflation €@y Rp
VD MD
©GR simulation starting from a super-horizon non-linear initial data

|
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Brief Review of Numerical Relativity
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Geometrical Quantities(1)
OLine elements
ds* = g datdz” = —a’dt? + v;;(dz" + B'dt)(dz’ + [ dt)
« : lapse function(1 component) ey
" : shift vector(3 components)
7i; : spatial metric(6 components) t + At
©Unit normal form to r=const hyper-surface
n, = —NO,t

©Projection tensor(tangent to r=const hyper-surface)

Yuv ‘= Guv + NNy nty,, =0
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3+1 Decomposition

©@Extrinsic curvature (~ “time derivative of xﬂv”)

[ K,uu = _7uavanv o _%Eﬁfylw ]

Eﬁ : Lie derivative assoc. with n*

©Decomposition of Einstein egs.

Gpntn” = 8nT,, n'n” R+ K? — Kinij = 16mE | Hamiltonian constraint

Gnty? = 8nT,, ntyY D,K! — D;K = 8mp; Momentum constraint

There is no atKij term=constraint eqgs.

G Ya Vs = 87T Va of. @[(at — £5) Kij = —DiD;N + N { Ry + KKij — 2 — 2K K* + 4n (S — E)y — 2sij]}]

Evolution eqs. for Kij

Further decomposition is needed for numerical simulation
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Conformal 3+1 Decomposition

©Spatial metric

Yi; = e, _ 5 th £ bei :
J ij  wheret = In(det ), and dety = det f with f;; being the flat metric

©Extrinsic curvature

~

! 1 ~
K;j=e d)Aij T gtrK%’j where trA = 0

5, v, trK, A are used as independent variables

x® = const.

©Gauge degrees of freedom(coord. choice) to choose q,

t 4+ At

= need to be fixed by hand
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Baumgarte-Shapiro-Shibata-Nakamura formalism

©Spatial metric

(8: — B'0:) Y = £ (8: 8" — oK)

(8 — B*8k) 4;; = —20Aij + 73,0;8° + 7,085 — 28,87,
©Extrinsic curvature

(8 — B0h) trK = o (A A7 + 20K?) — Aa

~

i . > 17 evolution egs.
((9t - ﬂk(?k) A;; = functions of [¢,7,trK, A, T', a, B, 0%, A, - - ]

©Auxiliary variable for numerical stability = b iy

(8t = ,Bk(?k) I = functions of [, 7, trK, AT, o, B,0p, Ay, - ‘]
_/

©Egs. for gauge fixing
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Dynamical Gauge Conditions

©Time slicing condition(modified version of the “1+log slice”)
(8, — B'8;) @ = —2a(trK + 3H,)

©Spatial coordinates(~“Hyperbolic Gamma driver”)
(0 — p'ox) p' = 1B
(8, — B*8;) B = 8,T" — 3H,B'

©17 + 1 + 6 = 24 variables for geometry

68th GW and NR
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Relativistic Hydro-dynamics

©Energy momentum tensor
Tyw = (p + P)uyu, + Pgp,

©Lorentz factor for n*
I' = —utn,
©Velocity U* relative to n*
ut =T (n* + UW)

©ORest mass density(p,), specific int. ene.(¢)

p=po(l+e)
©ORest mass density measured by r*
D = pOF

68th GW and NR

©“Dynamical” variables
Px = \/’_)’D, S() = ﬁE, Sz = ﬁpl

©OFIluid equations
3,550 + Blfgo = —S"B.ia + aﬁSinij
81551’ + 3]f‘ls] = —Soﬁia + S](Zﬁj — %aﬁSjkai’)’jk
£ =pVi = p.(aU' - §)
fo =SV + APV +5)
fg]_ = S;V* +a,/70.P

with

©“Primitive” variables

p, Vi:=ul/ud, ¢
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Barotropic EoS case

©Relation between the variables
dynamical var

pr = T 15

So = (o + P) — P] u_// s N =
. . p'py —E* —(P—p)E+pP =0

Si = VA(E + P)U; = 5 (So + 7P)15(V* + B) l \

EoS P=(p,¢) primitive var
©Barotropic EoS P=P(p)

p = p(dynamical variables)

77 S;

Vi=oll-f =ag—5 -

OP=wp

B Equations are closed without p, (or equivalently €)
=we don’t need to solve the continuity eq.

p=2 |- -wE+ [B2(1—w) + 1u(E* - p'p,)]
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Equations for fluid

©4(+1) equations
8,5y + 8i fi, = —S1 B + /7S K
0,:Si + 8;fy = —Sodia+ ;0 — 3o /7S 0"
(O¢ps + 0if}, = 0)

©Scheme for the flux calculation
A central scheme with MUSCL(Mono Upstream-centered Scheme for Conservation Laws)

OTotally 24 equations for geometry and 4+1 equations for fluid = 28 +1 equations

68th GW and NR
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Cosmological
long-wavelength perturbation

I ]
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Introduction:PBH formation

©Focus on PBH formation in radiation dominated era

In(length) A super horizonahorizon%collapse

| In(a
eary RD MD S @)

MD

inflation

©GR simulation starting from a super-horizon non-spherical initial data

©We approximately solve the equations in the Iong-wavelenﬂth aﬁﬁroximation

68th GW and NR Chulmoon Yoo
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Cosmological conformal 3+1 decomposition

©Decomposition of metric variables
ds® = —a’dt® + v;;(dz' + B'dt)(dx’ + [ dt)
spatial metric reference flat spatial metric fZ j
4 ~tr— ~ Y
=extrinsic curvature
= '¢4a2 fiij + %K
©Equations from the definition of the extrinsic curvature
(8 — Lo)p = —29p+ ¥ (—aK + D)

(375 — [,5)’71.]- 2‘4@3 3 723 Dy, ,Bk D :covariant derivative w.r.t. [ij
68th GW and NR Chulmoon Yoo
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Field equations

©Constraint equations
Aep = §¢ —2m°a’E — @ (Az‘jfiij = %Kz) =E can be calculated from geometrical variables
Dj (1/)6 AZ]) = %"Pﬁ DiK X 87fpi¢6 =p, can be calculated from geometrical variables
©Evolution equations
(8 — Lg)As; = (1217 [04 (Rij - G%S@') - Dz’Dja] e (Kfi,-j a 2flikfif> — 2 4;; Dy

(8 — L5)K = a (AUA"" + §K2) — DyD*a + 4ma (E + S)

©+ energy conservation and relativistic Euler equations for fluid
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Fluid variables

©Energy momentum tensor ©Four velocity
Tuw = (p+ Pluytiy + Pgu ut =T'(n* + UH)

©Equation of state T — (1 _U U,L-)_l/z
w:=P/p=1/3

©Energy and momentum densities for an Eulerian observer
E:=T"n,n, =T%(p+ P)— P=p(4l* —1)/3
p; := —T*n,v,; = (E+ P)U; = (E + p/3)U;
©p and U. can be calculated from E(p,U) and p. (p,U)

—p and U, can be given by geometrical variables through constraint equations

68th GW and NR
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Gradient expansion(Anti-Newtonian)

[Salopek and Bond(?)(1990)] [Tomita(1972,1975)]

©Assumption 1
0; ~ k < aH, H,:=background Hubble

=>small parameter € — k/(aHb)
©Assumption 2: flat FLRW for ¢ -0

a—1=0(e), B"=0(e) and ’7,” = O(e) Olc) decays ’7%] = O(€?)

[Lyth,Malik, Sasaki(2005)]

©O0rders of variables from EoM

P =0O(e), U = O(e), p = ps (14 O(e?)), Aij = O(¢?)
¥i; = fij + O(€®),a =14 O(€®), K = 3Hy(1 + O(¢?)

68th GW and NR Chulmoon Yoo
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Cosmological long-wavelength solution

©OField variables

Y(t, zF) @ 1+@ta: @ @—'V fu,®—a—1® KK:“,

©Growing mode solutions in the constant-mean-curvature(uniform Hubble) slicing(x=0)

- — — —_ _— 2
() = GO 1,89 + (BB - 10" 0u3)| «{ b =~ (@) + O

~

A= 3w+5szHb< ) + O(et)

2
f(z*) = —L AL 8T __ilﬂéf(ﬁ) +0(e)
: 3 o 2
___1 1 a . .
&= ~Furo (aHb) FOAE P(x*) fixes everything
2
[5 - f(LH) + O(e4) } Note : 7i; ~ Uta(t)*7,
3
— 2 . 1 5
Ui = 3(w+1)(3w+5) 8’fa(aﬂb) O — We do not use these expressions

(see next slide)

68th GW and NR Chulmoon Yoo
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Fluid variables

©Constraint equations

Ap =Ly omypa?E — £ (Aijfi”' _ %KZ)
D (v8A;;) — 245D, K = 8mp;yf
©Energy and momentum densities for an Eulerian observer
E:=TWn,n, =T*(p+ P)— P=p(4I? —1)/3
D; ‘= —T”V’n'u’)’m' = (E == P)Uz = (E -+ p/S)UZ
©p and U. can be calculated from £ and p.
—p and U, can be given by geometrical variables through constraint equations

—We set p and U, s.t. constraint equations are exactly satisfied initially

68th GW and NR Chulmoon Yoo
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About the numerical code
©Originally provided by Hirotada Okawa (for E-eqs and real scalar field w/ periodic BC)

@COSMOS (*}(m)COde by C++ [CY, Hirotada Okawa, Ken-ichi Nakao(1306.1389 )]

©Basically follows the SACRA (#%)code by Fortran

[Tetsuro Yamamoto, Masaru Shibata, Keisuke Taniguchi(arXiv:0806.4007)]

©Inhomogeneous coordinate system has been implemented
[CY, Taishi Ikeda,Hirotada Okawa(arXiv:1811.00762)]

©FIluid evolution code has been implemented
[CY, Tomohiro Harada,Hirotada Okawa(arXiv:2004.01042)]

©1+1 code for spherical systems has been developed based on COSMOS

[CY, Harada, Hirano, Okawa, Sasaki(arXiv:2112.12335)]

©ORecently, a mesh refinement procedure has been implemented
[CY, ongoing]
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Simulation of non-spherical
PBH formation

[3] 2004.01042 CY, Tomohiro Harada, Hirotada Okawa

I
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©Ellipticity makes black hole formation harder

f Schwarzschild radius\

o W

25

-

\

Collapse

Horizon formatlon

Collapse

N

Bounce back

No horizon formation N/

©How significant is this effect?

68th GW and NR
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Probability for profile
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Curvature perturbation

©Curvature perturbation
((zF) := —2In (")

©Random Gaussian variable with the power spectrum 2(k)
= gradient moments 02 := f%kz%’P(k) <L k2
©Taylor expansion around a peak(0{=0), by taking a principal direction
(@) = Co + 3 (Ar@? + May? + A32%) + O(2?) Al > A>3 >0

©Useful probability variables
p=—C/oo & := A1+ X+ A3)/0o2 &= 50 —A3)/on & = 5 (M — 205 + A3) /0

©Ellipticity is characterized by §, and &,

68th GW and NR
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Peak probability

@Peak probablllty fOI' U, é:p 4:2, 53 [Bardeen,Bond,Kaiser,Szalay(1986)]
P(u, &)dpd€ = Py(u, &) Py (&, &) dpd
Py, &1)dpdy = 3= rexpl— 3 (u? + 420 )| dpde,

1—+2

Py(£2,63)dérdes = 22 65 (€2 — €2) exp[— 2 (3¢2 + £) ] déadts
V27

©No correlation between (4,¢) and (§, &) = £y ~ 1

28

&3 ~ 1

©Dimensionless parameter for the extent of the ellipticity

x1:=&6/& x2:=&/&

©For PBH formation(rare events for very high peaks)

high amplitude ]
o K1 Correlation between p and &,

68th GW and NR

—X1 K ]-7 X2 K 1
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©Curvature perturbation profile
¢ = Coexp|—3 (kiz* + k3y* + k22%)] x [window function to eliminate the tail]

We fix k2 = k2 + k2 + k2 B=1(&+36+8) = £0+3a +x)
xi=(k/R+E /K —1)/2 — B=1(§-28,)=L01-20)
_ 2 /1.2 X - x 9
Xz—(1—3k2/k )/2 kg:%(51_3f2+§3)Z%(1—3X1+X2)

4

X
©We focus on spheroidal shape initial data

givenby |{.|=¢, < x| =x1 ;
/’

x2 >0 X

x2 <0

68th GW and NR Chulmoon Yoo



68th GW and NR

Initial data setting
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Parameter settings

©Domain for simulation: % region with reflecting boundary condition
@Initial scale factor a =1

©Unit of length: edge length of the cubic domain =L

©Scale of the inhomogeneity 1/k = L/10

©Initial Hubble parameter 1/H =L/50

——————————————

68th GW and NR
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Initial densi file

©Spherical initial data density profile ©Oblate initial data density profile

uw=2028, k=10, x1 =x2=0 pw=0.8 k=10, xy1 = x2 =0.1

Note:bclth are compensated density profiles
68th GW and NR ’ Chulmoon Yoo
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Numerical schemes
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Summary of schemes (w/o mesh refinement)

©OReflection boundary condition
©for geometry

BSSN + 1+log slice + Gamma driver

O©for fluid evolution
Central scheme with MUSCL method

©OResolution

-Scale-up reference coordinates x’ related to the Cartesian coord. X’ by

i S L . T 3 . _
X' ==z —H—S7sm(fa:)W1thS—15

Resolution at the center

AX| LN e e

center 1+8 16 100 ~ 1600

68th GW and NR
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Results:spherical case
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Just below the threshold:no horizon formation

©Parameters
o] =0.795, x1 =x2 =0

©Bouncing back

11 0.025 .
> t= 5L —
1 = t= 10L ——
s -
09 c 002 | t= 20l — ]
c % t= 40L
O os t= 551
0 o7 S 0.015 t= 60L —— 7]
c E
= 06 Y=
u- O 001 .
Q g5 c
w - —
o >
o 04 - O 0.005 .
J 03 = // t= 40L = E
* s ; ; t= 65L —— o
02 | | | | o 0
0 02 04 06 08 1 08 1

x/L

—
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Just above the threshold:horizon formation

©OParameters
o] =0.805, x1 =x2=0

11

1 e — e
4 e T i ///

g 0B | : 4/ low
-‘5 | : //// density
g 06 e R R NP e i ././.
= 05 WA/ i
() L t= 0L —
B 04 £ t= 5L —— ]
@ 0.3 [===rfr- t= 10L -
= a5 t= 20L -
t= 40L
0! t= 60L —— |
0 1
0 02 04 06 08 1

x/L

| (R0 00 e O
68th GW and NR Chulmoon Yoo



Constraint violation

©Unfortunately, constraints are significantly violated near the horizon

1

0.8 \
0.6

=

e

S

(0]

= \

T 04

[0] \

2 B \\_/

& ool 1=0855 —— = S=——g
=0.845 —— o—

100 u ‘l \\_ 100

11=0.835

[1HIImax
=
o
%
T e &
11 1l 1l
© oo
o 0
o = N
o O O
\
A
> :
1 ;
=
o
2

©But, well suppressed for bouncing case and we can read off the threshold: u~0.8

©OThe threshold value is consistent with an accurate spherically symmetric simulation
68th GW and NR
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Results:non-spherical case
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Non spherical spheroidal initial configuration

© 16| = 0.805

©Horizon formation for y,=0.08 ©Bounce for y,=0.09
10° 10° 1 1 | \ ]
- on y,z-axis t= 5L —— 1
i 5 t= 40L
-1 of ] g, & :
> 10 107 o O AR ~
- o B 1 1 -
By | i —
7] Y —;' A t= 60L i
c =210 =10 t= 750 ——
o 2 z =
T 3 b5 Ry t= 80 ——
o 2 10° 2 g e i =
S 2 2
) 10
e : :
o L ; i ; o
8 107 | U||'y;'ZiaX'iS;'"""'""'"""”"""' 107®
F—— — on x-axis : : 1 a
10 : i ‘ ‘ 10/
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

x/L, y/L, z/L x/L, y/IL, z/L
OLate time configuration near the center is highly spherical in both cases
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©Time evolution of the comoving fluid density at fixed spatial points

10° ~axi i
. —— 0on y,Z;'-aXIS
i BH formation on x-axis
162 1 2
N — -
& 103 \\ SN e ‘
7} DN e e ~\
_|; 10'4 e }\‘\-\ vb
:,é —— :_‘T_;:::_::‘:_:;-_QN-
& 107
©
o
2 _
2 Bounce AL=1/5 |
g \ Bil=gps =
3 1072 1
E \:\\ - DO s A/L=3/5 . .j:‘ozr |
8 1078 - NSFraeri— T
D S = e . T
10_5 "““\_‘:Q::%VQ—— ﬁi} - di
L \\ )7 p

0 10 20 30 40 50 60 70 80 90

©Spherical shape is stable and the oscillation can be found
S
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Conclusion

©Ellipticity makes the threshold of the amplitude larger,
namely, horizon formation harder

©But, 2,=1x;/~1 would be needed for a significant effect
©Since 2,=x,<<1 for a realistic situation, the effect would be negligible

©Significant constraint violation

68th GW and NR
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Constraint violation

©Unfortunately, constraints are significantly violated near the horizon

1
0.8 \
0.6 \
04

\
0.2} u=0.855 ——
”=0.84|5 - —
u=0.835
u=0.825 S——

1=0.815 ;
F u=0.805 —— 7107

lapse at the origin

/I
/
/

10° 10°

1Hllmax
=
S
g

60 700

©Much finer resolution near the center is needed
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Mesh refinement
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Rough.sketch of mesh refinement

update x from O

-th RK__ 2nd RK |nterpolat|on

Al
74 s g ! s c 2 w <
' v, .v .m

evoIve X (4- th Runge- Kutta)

- __‘_

from X

68th GW and NR

[Tetsuro Yamamoto, Masaru Shibata, Keisuke Taniguchi(arXiv:0806.4007)]
O©Twice finer resolution in a local spacetime patch

I
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Summary of resolution difference

©Resolution in previous simulation

-Scale-up reference coordinates x’ related to the Cartesian coord. X’ by

i 3 S L . T 1 . _
X' ==z —H—S?sm(fa:)vvlthS—w

*Resolution at the center (4x=L/100)

AX|pper = oAz = = & = =2

center — 14§ — 16 100 __ 1600

©New simulation with mesh refinement
= §=10,Az = L/60

*Two additional layers for the mesh refinement

_ 1 1 -1 L _ _L
A)(|cen’cer — 148 X 92 X Az = 44 2 60 2640

68th GW and NR
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Constraint violation w/ mesh refinement

©Without mesh refinement ©With mesh refinement

100 T T 10° r T T T T T

F 1=0.855 —— o | u=0.845 ——

[ 1=0.845 —— Yy [ p=0.835 ——

- u=0.835 —— / t u=0.825 ——
1=0.825 —— // - u=0.815

L 1=0.815 / | 1=0.805 ——
n=0.805 —— p=0.795 ——

1| p=0.795 —— i

max norm Hamiltonian constraint
)
1

—_
<
ro

max norm Hamiltonian constraint

©The mesh refinement reduces the constraint violation!

68th GW and NR
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Towards the simulation of “a(\]
a spinning PBH
o ¢
\Je
NGk

68th GW and NR N Chulmoon Yoo
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initial it

©lInitial curvature perturbation
¢

A 3 (K2 (x+y)?/2 + k2 (z — y)? /2 + k22%) + O(r*)
e 21— 2 (k3x? + k2y? + k22%) + O(r?)

A{~energy density on (x,y) plane

"\\\f

005

-0.05

-0.10
\
_3‘5_\
-0.15 -0.10

tidal torque = angular momentum transfer = spinning PBH

/

ofo

Chulmoon Yoo
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Extension of the domain and boundary cond.

©1/8 region — 1/4 region

z reflection sym.

VI o 7
&
“7//”

68th GW and NR

reflection sym.

z
identify

s

2

> )y
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initial it

©lInitial curvature perturbation
ds? ~ —dt? + a(t)?e %) dz . dz

1 1
¢ = —,u,[l +g (k3 (z+y)?/2 + K5(z —y)?/2 + k32%) + T (K3 (z +y)*/2+ K3(z —y)?/2 + k§z2)2
1 = 1
+2T30k27‘2 (9/4;? — K2 - ng) x? + (k2 — 92 + K2)y? + (K2 + K3 — 95§)z2] exp l— —2880k6r6J

$ o1+ LM +9)?/2+ K(2 —4)?/2+ K2) + O(*)

AQ
= 1— %(&%mz + k2y? + k22%) + O(r?)

68th GW and NR Chulmoon Yoo
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initial it

©lInitial curvature perturbation
¢

A 3 (K2 (x+y)?/2 + k2 (z — y)? /2 + k22%) + O(r*)
e 21— 2 (k3x? + k2y? + k22%) + O(r?)

A{~energy density on (x,y) plane

"\\\f

005

-0.05

-0.10
\
_3‘5_\
-0.15 -0.10

tidal torque = angular momentum transfer = spinning PBH

/

ofo

Chulmoon Yoo
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Spinning PBH formation?

©Non-zero spin parameter...?

Agerr = 871'(M2 + VM4 — a?M?)
Axgerr = 87(M? + VM4 — a2 M?)
2 4T A (l2 —1rA)
= a =
M? ] eff v
0.01776 T T T T
0.01774 | o
0.01772 L / |
g AT significant i
© 0.01768 | constraint violation |
0.01766 | -
0.01764 |- )
0.01762 L 1 L L .
705 71 715 72 725 73 735 74 745
time
68th GW and NR

75 75.5

Better resolution is needed...

]
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